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The natural namber g ie ealled the eritical exponent (eee [11) of the norm in e p-dimenslonal ngﬁ%'_-
ED jreal ar complexh, L e
" r .. .
1) for &l linenr operators A in B" with |Af -1 ; L
“f s = [ = HA=l=A {m = q}; I-IEEI pi
: - - i m 3 :{?\.?J
o 2y there exista a lineay apevator A, illA, 0 = 1) uely that | A5 =1, [Tl < 1. ;" 27}
1 i
it Let ug denode by pia) the gpectral radiug fhe Lirgest of e shsolute valuog of the ol genvatues) ol 18§
i1 operalor A, 1t is known that
, plAp = ind FTA = lim ¥ AT -
=i e
CEAR =1, thenflA™|| = 1 (; = 1, 2, .. .}, piaA) = 1 and the incqualily p{A) < 115 equivalent io the wids
Al of An cxpapent m such that [|A= ] = 1. The smallest of these exponents will be dencied by qiAl. The eilfg
i exponenl, definod above 15 equal (o sup qiA}, provided thal the suprenmm exisis, ([ the supm
] Al o | AR
infinite, thon the eritical expansnl dacs nol exiat.

p:: The lirst critical expsnont has been introdaced and commmitiad s (2] for the arithmetic space i ke
= special cage of the ¢-norm

ot I=l— L'-::-_;:':__Jfﬂ (3 = lzws oo -0 2l i
l being egual to n¥=n + I (see also [3]}.
1 Let us constder in Lhe arithmetlc spage the n'F—r.-:rrn. .
|' . |I|-|||:¥§I-!’:I;.]"'-"l:|::I_,':-{'*:-a'l.\rl: ;r::.ihlz,,'. {n===].
i

The eritical expanente [or p = L and p = @ are cqual, 0., 0 =n+ 1, [or p = &8 equal ton [£], whils for,
the romaining values of p the problem of its existoree [s 5011 apen, except lor some pacliculay integer
_ which the existence of lhe oritical exponent has been annganeed in [3].

Yu, I, Lyubich bas stated the assumption that il the unit sphere 15 an analytic variety, then the
cal exponent exigts, This qaestion is open; however, we have the following theorem, ?

taining te origin, then the critical expenant exists,

: Thus, if e sphere is on algebraie variety or aven a plecewige-glgebrale viriety whose pleces by
i contipmation do not pasa thraugh the orlgin, then the oritical exponent existé. In particular, the eritival?
expoment exigte for every polytope. The last fact has bosn abiained by Perles from other conziderstiod
as [5]. Desides. it should be neted that Perles succecded in obtaining abatler (in 8oma cases A more exaied] B8

mate for the oritical axponent, whils the estimate which fallews from the proal of Theorem 1 is strongly
' exeresive. |

i Tranaiated [rom Sibirskll Matematicheskil ghurnal, Vel, 12. Ro. 3, pp. 672-675, May-June, TN
] original article sabmitted Januacy 14, 1970, A "

e 1971 Consoliongs Hurpan, @ dévizion of Pleaus Pubilis El.l; Corgarziton, 227 Fesr 171K Sereer, Neow Yook,
M.FJ00d). AN cighis rexerved  Thix anticle romor ke regoodiesd for any pugase wheliecves alibau
permiziied of #he peblizkar, A copy of this article o oeclaoble fom e publicher for BL500.
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Prmal, Wilhoet loss of geneeality = can sdsame that the variety ¥ is defined by a vingle equatian
Pl = Py, . e axgl =0, P01 & 0 fotherwise it s salficient to extand the varkety, leaving soms single
sonbmoEeEsnLE v:-qu:ll.'.c.r.i. -
Lot us asseciata ta the linear operator & o sequence of sala B A c ER k=0, 1,2, ...
Hifdy= [ziz G, Plzg)= B{ds)= ... = P[A"th= i}
Chrigasly, "Ry = Ry, A0y = Rge, e = 1] and
3 My =y = gy = Hi, 4]
Hyin] i= the =t of the salutians af the By¥sbam
fig)em Fldii=0 =0 1,..., k) L]
The functions [jfx) which appear bore are polymomials and degl; = deg P,

We denote by M Ehe dimengion of the lincar space of all palynomials with o varishles of degroe pot
sxciling dog P Dbviously, thero @xisla = N— 1 such thal the polyromisl [z, i= 2 linear combinatan of
the palynomials § | = q). This mesns that figiidl = F.',-I'l.-'n.l. Thus, for each A there exisls A meberal num-
bex 4 = Al = B -1 sush thal |’-:q'q Ll = 'h;llf-:-l. whaddes, making vae of {11, we have far oll A

Bl Fuafd] (= 2= M) T

Lat (Al =1, [AN =10 a1, Thon tho unit vector for which ja¥ — 1] = i Fa% = k]| 1s attained belongs
o By  [A), whenee, by virtws of [2], ik

PiARS =0 {m 3= N—i}. {l
B i) = 1, ther lim A™ = @ and from (4) Lt lallows thal Fod) =0, Le., 0EF, Thorelers ofh] =1,
80y [ABL] = 1 fm = H—1),
Thusg, the exigtonce of tive eritieal expanast i8 proved and Lt 42 amzller or ageal o H -1,

IROLLARY 1. Win & real Space all the polnts of the unit sphere satisly the equation Pilx ). I=l.
elell
e almgly = 0, whare P {5 o nonhomogeneous polynomial of b varisbles, shen the critieal axponeat exists.

Indied, wi can take 45 the variety F e wnion of the algebrale varietics Mle) cg... peg) Mhe &'s
take on '.I'IdEF!EIIItE‘.‘I“:L Eha waloes 1 and —15, defined by tha agaationd PLEpis . - ., Egp] = 1,

LORCLIARY &, In the real arithametic space with the By norm with p galional, the oritionl cxposent
exiaka.

For [Htagar p this is obvious by virtes of Corollary 1

Let p= /e (8 and ¢ ape relalivaly prime Integess). Lot g woits the equatien af the wit sphere 3
in tha form

"
X == 1.
H
Demote ) a '.-:il Equation (31 can be replaced by an egquivalent srstem of squations
iS5 =|5lt=0 (i=1,... .8

fom 3 Jaid =1 =0

\ i
We dalins by induction the polynomiel gyfxgl. . o ) (% ls Zgpe e o o Bgd o= 1, . . ., 0] 08 the resultant
of the two polynomials o, and g with respect ta e varable g,

Lok us prove that i |5 nonharmggengend, Lo, w0 @ 0. For gy thia is obvioes. The pily .u'..li.:-l|.
pk ks the fowen g

LI EA ] x| 2y P L | R A A S EN S
&
A -
: eip = ' el - . r
whers e ffap |1 = |2 1557 exp i e - eoa B=1h Jimoe o0 = 0, W Bave gl ... L 0]
=1 [ T | PR 01 = O b Indiigsticn,
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Let ws noto that ali paints of the wait sphere & satsly the equation goilxyl. . oo Ixal] =0
Simnllarcly oo prowves the Tellosfng corilary.

COBOLLARY 3. In the complex arithmetic spac: witl the rp norm with p ratlonal , fhe critical u::-. _': £
ponent rwlsts,

Lot us remark that in Theorem 4 the requiramont 8§ F is esscadial;

Bzample, Assume that the unlt sphere & af the noom in & tee-dimenrsienal reol orilhselic spies II .; Fi
dellned by tha cqeilions ':-

[ K A E=a
:,:I A 40, —Uas s =1
Ldo, =2, i n ok

The amaliast glpcheale vericty Fy costaining tha sphere 5. @8 the onion of the algabraic curves ¥,
= 5,0, Wy = Bug + 2 and xp = Jxy— 2. Binos 06 Fy. the cofditioas of Thoovem 1 cahnot L= matisfled,

Cm the other hand, considar the  quency of lineas apezatars Ay fk = 1, 2, . . .3, deflized by the disg- .::' ;
nral matelees A =dieg (20K, 2798 gt s casy to oheok that [agll = ||."|.-|,,t|| - 1 ared F-ﬁf”f =1, Le,
the oribical ¢xponenl ekl nol axaat.

[n conchusion, L&t uR cangider the similar prablem for Maile-dimessioml asseciative aormed slgohbess
irezl or oomplexp, The nofm of tha algebra has to possoss Lhe wdditional properly i

P 2 = Lt 0 i g

The critical exponent i delined im the same way 0s hefore, exeepd Lhat Lhe clomonds of the algeben seour
im the delimitlon instezd of the limezr operators.

A8 &0 @xmmple we howe the olgebra of sguare matviced of avdpe n, narnsed w1t any salels norm (8]

[or cogampls
jdl=1¢ E [y = ¥V EpTAL

THEQREM 2, §f the unit spkere 5 of the mrm.l:ld alpabra czn ba umhﬂﬂﬂﬂ i an algebrale variely F
not conlainin the arigin, teen the criticel exponznt exlzle.

Prool, Toeach slement & of the algebra we associats e linear aperatar 4 of multiplication be 4 ¢
o the Tefl,  Chviously 1:

Bl AR : i#
AT ] A o o = A ()

By wirtue of Theoram 1 thers exigte 2 pdlucs]l numbar g such thal
pefl=ldl =i = Divll= | e 2= ) (k]
for all lin=ar opertors 4.

Toed Bl = Ba8 | = 1. Then, by virbao of ¢85 Baal = Beatl - 1 and by 00§63 0 =1 (m >q). Bet
acsarding to 7). [&ym] =[|A®[. whence JA™] = 1 im =g+ 1} ‘1kad provos the isorenm,

The sathara wish bo sk Tu, T, Lyuldch lor his interest is the papor.
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